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E-mail addresses: jywu@zju.edu.cn, jywu@scut.eduDespite the substantial and noteworthy contributions, the modeling of damage induced anisotropy
remains an unsolved issue, especially when the microcrack closure-reopening (MCR) effects are
accounted for. Theoretically speaking, the most challenging problem might be the lack of energy conser-
vation for all the existing models employing the spectral decomposition of the stress or strain tensor and
the associated positive/negative projection operators (Carol and Willam, 1996). In this paper this crucial
problem is solved by introducing a new deﬁnition of thermodynamically consistent projection operators
into the classical elastic damage/degradation model. The orthogonality between the rates of the new pro-
jection operators and the stress (or strain) automatically guarantees the fulﬁllment of energy conserva-
tion under any arbitrary (proportional or non-proportional) load history. Moreover, with this extra
orthogonal property the thermodynamically consistent projection operators can be exclusively deter-
mined in a unique form. The above advantages lend to their promising use in the modeling of damage
induced anisotropy and MCR effects simultaneously. With the aid of the thermodynamically consistent
projection operators, the existing elastic damage/degradation models can be reformulated so that the
energy conservation is restored only with minor modiﬁcations. As a prototype example, a stress-based
elastic damage/degradation model with multiple loading surfaces is developed analogously to the classi-
cal multisurface plasticity model. Finally, a simple closed-loop load path accompanied with rotation of
principal stress directions is constructed to verify its thermodynamically consistency.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
For quasi-brittle geomaterials such as concrete, rock, ceramics,
etc., it is reasonable to assume that the initial distribution of mic-
rodefects is isotropic. When subjected to external loads, on one
hand the initial isotropy is destroyed due to the development of
microcracking in tension and the material behavior is accompanied
with the so-called load or damage induced anisotropy, i.e. stiffness
degradation dominantly in the direction perpendicular to the max-
imum tensile stress (Krajcinovic, 2003). On the other hand, micro-
cracks close upon load reversal and the initial material stiffness can
be (at least partially) recovered (Mazars et al., 1990; Reinhardt and
Cornelissen, 1984). The aforementioned damage induced anisot-
ropy and microcrack closure-reopening (MCR) effects (or unilateral
effects) are the most remarkable properties indispensable in the
constitutive modeling of concrete-like engineering materials
(Chaboche, 1992).
Owing to the pioneering work of Kachanov (1958), nowadays
continuum damage mechanics (CDM) has been widely adoptedll rights reserved.
.cn (J.-Y. Wu).in the constitutive modeling of many engineering materials
(Krajcinovic, 2003). From the physically motivated viewpoint, the
material damage is directly characterized as stiffness degradation
(or equivalently, damage compliance). Therefore, the elastic or
inelastic damage/degradation model in which the material stiff-
ness or compliance is adopted as the damage variable (Carol
et al., 1994; Hueckel and Maier, 1977) is preferred to in the mod-
eling of damage induced anisotropy (Krajcinovic, 1998). The spec-
tral decomposition of a speciﬁc second-order tensor, e.g. the stress
(Mazars, 1986; Mazars and Pijaudier-Cabot, 1989), the strain (Ju,
1989) or the effective stress (Faria et al., 1998; Wu et al., 2006),
into its positive and negative components, is almost the standard
approach in the modeling of MCR effects, especially in isotropic
damage models. It is the ﬁrst time that in Ortiz (1985) both the
damage induced anisotropy and MCR effects were considered
simultaneously by introducing the fourth-order projection opera-
tors which extract the positive/negative components of the stress.
Thereafter, this basic idea has been widely adopted in the literature
(Abu Al-Rub and Kim, 2010; Ehk et al., 2003; Hansen and Schreyer,
1994, 1995; Ju, 1989; Lubarda et al., 1994; Schreyer, 1995; Simo
and Ju, 1987; Umit et al., 2007; Yazdani and Schreyer, 1990).
Despite the above substantial and noteworthy contributions,
the modeling of damage induced anisotropy still remains an
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pointed out by Carol and Willam (1996), none of the anisotropic
damage models employing the existing postive/negative projection
operators fulﬁlls the principle of energy conservation upon a
closed-loop load path. More precisely, under a non-proportional
load history accompanied with rotation of principal stress or strain
directions, spurious energydissipation/generation inevitably occurs
for an elastic anisotropic damagemodel, even if the damage state re-
mains unchanged (which should be non-dissipative at all). As this
amount of spurious energy dissipation/generation cannot be re-
garded as the genuine energy dissipation associated with the irre-
versible process (i.e. the damage evolution in this work), the
principle of energy conservation is violated. Obviously, this patho-
logical behavior is not acceptable for any realistic constitutivemodel
based on the thermodynamicswith internal variables (Coleman and
Gurtin, 1967). In order to avoid this thermodynamic inconsistency,
only the tensile material behavior is considered in some anisotropic
damage models (Carol et al., 2001; Govindjee et al., 1995; Wu and
Xu, 2011), whereas in others (Hansen et al., 2001; Meschke et al.,
1998) the stiffness recovery is described ad hocby combining a dam-
age model in tension and a plasticity model in compression. In the
former the MCR effects are neglected deliberately and in the later
the compressive damage cannot be described.
Aiming to solve the aforementioned theoretical problem, we
reconsider in this work the elastic damage/degradation theory
for the modeling of microcrack closure-reopening (MCR) effects
by introducing a new deﬁnition of thermodynamically consistent
positive/negative projection operators. The new projection opera-
tors not only extract the positive/negative components of the
stress (or strain) tensor as the conventional ones, but also give
arise to the rates of the corresponding stress (or strain) compo-
nents. Equivalently, the rates of the projection operators are
orthogonal to the stress (or strain) space, thus guaranteeing the
principle of energy conservation under any arbitrary proportional
or non-proportional load history. Furthermore, with this extra
orthogonality the new thermodynamically consistent projection
operators can be exclusively determined in a unique form. The
above superior properties are in sharp contrast to the existing def-
initions of projection operators, which lends to its promising use in
the modeling of damage induced anisotropy and MCR effects
simultaneously. With the aid of the new projection operators, the
classical elastic damage/degradation models can be reformulated
so that the energy conservation is restored only with minor
modiﬁcations.
The remainder of this work is organized as follows. After this
introduction, the classical stress-based elastic damage/degradation
model is brieﬂy presented in Section 2, with emphasis on the spu-
rious energy dissipation when the MCR effects are present. Sec-
tion 3 is devoted to the positive/negative projection operators of
the stress tensor. The existing projection operators in the literature
are ﬁrst re-derived. After the interrelations between them are clar-
iﬁed, a uniﬁed deﬁnition is presented and the associated spurious
energy dissipation is calculated. Based on the obtained results a
new deﬁnition of thermodynamically consistent projection opera-
tors is then proposed. As a prototype example of its potential appli-
cation, in Section 4 a stress-based elastic damage/degradation
model with multiple loading surfaces is developed analogously to
the classical multisurface plasticity model (Koiter, 1960; Simó
et al., 1988; Simo and Hughes, 1998). A simple closed-loop load
path accompanied with rotation of principal stress directions is
constructed in Section 5 to verify the thermodynamically consis-
tency of the reformulated model. The most relevant conclusions
are summarized in Section 6 to close the main text of this paper.
Finally, for the contents to be self-contained, three necessary
appendices are attached at the end of this paper, in which useful
properties related to the spectral decomposition, an alternativederivation of the thermodynamical consistent projection operators
and possible damage evolution laws are presented, respectively.
Note that, though only the stress-based formulation with sym-
metric compliance is discussed in this work, the results and con-
clusions can be easily extended to the stress-based models with
non-symmetric compliance (i.e. the so-called bi-modulus model)
and to the strain-based ones with either symmetric or non-sym-
metric stiffness (Carol and Willam, 1996; Carol et al., 1994).
Notation. Compact tensor notation is used as much as possible. As
a general rule, scalar a is denoted by a light-face italic minuscule
(Latin or Greek) letter; vector a and second-order tensor A are
signiﬁed by boldface italic minuscule and majuscule letters,
respectively; fourth-order tensor A is identiﬁed by boldface
majuscule characters. Superscripts ‘T’ and ‘sym’ indicate the trans-
pose and the sum-type symmetrized operators deﬁned as
ðATÞij ¼ Aji and ðAsymÞij ¼ ðAij þ AjiÞ=2, respectively. Symbols ‘’, ‘:’
and ‘<’ denote the inner products with single, double and
quadruplicate contractions, respectively. The dyadic product ‘’
and the symmetrized outer product ‘’ are deﬁned as
ðA BÞijkl ¼ AijBkl ðABÞijkl ¼
1
2
AikBjl þ AilBjk
 
Letter I signiﬁes the second-order identity tensor with the compo-
nents being Kronecker-delta dij, and I :¼ II is the symmetric
fourth-order identity tensor. hXi and HðXÞ denote the McAuley
brackets and the Heaviside function, respectively, i.e., hXi ¼ X,
HðXÞ ¼ 1 if X > 0, and hXi ¼ 0, HðXÞ ¼ 0 otherwise.2. Stress-based elastic damage/degradation models
2.1. General stress–strain relations
A consistent elastic damage/degradation model should be de-
rived based on the thermodynamic approach with internal variable
(Coleman and Gurtin, 1967). For the case of no stiffness recovery,
the damage compliance Cd :¼ C C0, deﬁned as the increment of
the active compliance C with respect to the material initial elastic
compliance C0, can be selected as the damage variable characteriz-
ing the stiffness degradation. Accordingly, the material behavior is
represented by a quadratic Gibbs free energy potential w
w ¼ 1
2
r : C : r ¼ 1
2
r : C0 : rþ 1
2
r : Cd : r ð1Þ
with the active compliance C
C ¼ C0 þ Cd ð2Þ
The ﬁrst law of thermodynamics (the principle of energy conserva-
tion) implies a vanishing spurious energy dissipation Psp, i.e.
Psp ¼ _w  : _rPd ¼ 0 ð3Þ
with a non-negative energy dissipation Pd P 0 constrained by the
second law of thermodynamics for any irreversible process (the
damage evolution in this work).
Following standard arguments (Coleman and Gurtin, 1967), one
arrives at the classical stress-based constitutive relation
 ¼ @w
@r
¼ C : r ð4Þ
as well as the following damage dissipation inequality
Pd ¼ 1
2
r : _Cd : r ¼ Y< _Cd P 0 with Y :¼ @w
@Cd
¼ 1
2
r r ð5Þ
where the damage energy release rate Y represents the thermody-
namic force conjugate to the damage compliance Cd.
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To describe the MCR effects caused by the microcrack active/
inactive states (under tension/compression in all directions,
respectively), the stress tensor r is decomposed into its positive/
negative components ðrþ;rÞ based on the the following spectral
representation
r ¼
X3
n¼1
rðnÞpðnÞ  pðnÞ ¼ rþ þ r ð6Þ
where rðnÞ and pðnÞ represent the nth (n ¼ 1;2;3) eigenvalue and the
corresponding eigenvector of the stress tensor r, respectively. Some
useful properties related to the spectral decomposition are summa-
rized in Appendix A.
Accordingly, the positive and negative components of the stress
tensor r are given by
rþ ¼
X3
n¼1
hrðnÞipðnÞ  pðnÞ ¼ Pþ : r ð7aÞ
r ¼ r rþ ¼
X3
n¼1
 hrðnÞipðnÞ  pðnÞ ¼ P : r ð7bÞ
where the corresponding fourth-order projection operators P, gen-
erally possessing major and minor symmetries and satisfying the
complementary relation Pþ þ P ¼ I, extract the positive and nega-
tive stress components r. Note that, though the positive and neg-
ative components r of a given stress tensor r are unique, the
corresponding projection operators P are not.
When modeling the MCR effects, the stress–strain relation (4) is
in general enhanced by introducing the positive/negative projec-
tion operators P into the active compliance C. Let us consider
the stress-based formulation developed in Ortiz (1985), with the
following active compliance C
C ¼ C0 þ Cd with Cd ¼ Pþ : Cdþ : Pþ þ P : Cd : P ð8Þ
where Cdþ and Cd represent the intrinsic damage compliances
when all microcracks are active in tension and in compression,
respectively. Note that it is not the active compliance Cd, but the
intrinsic damage compliances Cdþ and Cd that are the internal
variables characterizing the material damage states. Furthermore,
the evolution laws of the intrinsic damage compliances can be iso-
tropic, orthotropic or fully anisotropic; see Appendix C for the
details.
Remark 2.1. Though not necessarily, the positive/negative projec-
tion operators P satisfying the natural properties
rþ ¼ r) Pþ ¼ I iff rðnÞ > 0 ð8n ¼ 1;2;3Þ
r ¼ r) P ¼ I iff rðnÞ 6 0 ð8n ¼ 1;2;3Þ
(
ð9Þ
are believed to be more precise (Carol and Willam, 1996; Ju,
1989). h2.3. Spurious energy dissipation
For the stress–strain relations (4) and (8) to be thermodynami-
cally consistent, the ﬁrst law of thermodynamics (3) has to be
guaranteed unconditionally. However, this is not always the case
as we expect. To demonstrate this fact, let us consider the Gibbs
free energy potential w (Ortiz, 1985) corresponding to the active
compliance (8)
w ¼ 1
2
r : C : r ¼ 1
2
r : C0 : rþ 1
2
rþ : Cdþ : rþ þ 1
2
r : Cd : r
ð10ÞAccordingly, the non-negative damage dissipationPd in Eq. (3) now
becomes
Pd ¼ 1
2
rþ : _Cdþ : rþ þ 1
2
r : _Cd : r
¼ Yþ< _Cdþ þY< _Cd P 0 ð11Þ
where the damage energy release rates Y conjugated to the intrin-
sic damage compliances Cd are deﬁned as
Y :¼ @w
@ Cd
¼ 1
2
r  r ð12Þ
The damage dissipation inequality (11) enforces a necessary condi-
tion for the evolution laws of the intrinsic damage compliances _Cd.
Substituting Eqs. (4), (8), (10)  (12) into the ﬁrst law of ther-
modynamics (3), and calling for the rates of the stress components
from Eqs. (7)
_r :¼ dr=dt ¼ P : _rþ _P : r ð13Þ
one arrives at the following spurious energy dissipation
Psp ¼ rþ : Cdþ : _Pþ : rþ r : Cd : _P : r– 0 ð14Þ
As pointed out by Carol andWillam (1996), the spurious energy dis-
sipationPsp does not vanish for a generic anisotropic damage mod-
el with any deﬁnition of projection operators proposed in the
literature. This fact poses great challenges when the damage in-
duced anisotropy and the MCR effects are to be modeled
simultaneously.
3. Thermodynamically consistent projection operators
In Carol and Willam (1996), several existing deﬁnitions of the
projection operators were summarized and discussed with respect
to the spurious energy dissipation. For the contents below to be
self-contained, these projection operators proposed in the litera-
ture are re-derived ﬁrst. After the interrelations between them
are clariﬁed, a uniﬁed deﬁnition of the projection operators is given
and the associated spurious energy dissipation is calculated. Final-
ly, a new deﬁnition of thermodynamically consistent projection
operators which automatically guarantee a vanishing spurious en-
ergy dissipation is proposed.
3.1. Existing projection operators
The classical projection operators PO originated by Ortiz (1985)
is obtained by directly substituting the principal stresses (A.1b)
into the spectral decomposition (7)
PþO ¼
X3
n¼1
HðrðnÞÞPðnnÞ  PðnnÞ ð15aÞ
PO ¼ I PþO –
X3
n¼1
HðrðnÞÞPðnnÞ  PðnnÞ ð15bÞ
for a second-order symmetric tensor PðnnÞ
PðnnÞ :¼ pðnÞ  pðnÞ ð16Þ
The projection operators PO have been widely adopted in the liter-
ature to describe the MCR effects; see Faria et al. (1998); Wu et al.
(2006) among many others.
As ﬁrst noticed by Ju (1989), the projection operators PO do not
satisfy the natural properties (9). To remove this deﬁcient, calling
for the property (A.1a) we can rewrite the positive and negative
stress components r in Eqs. (7) as
r ¼ M  r ¼ r M ð17Þ
with the second-order symmetric tensors M being
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n¼1
HðrðnÞÞPðnnÞ ð18Þ
The projection operators derived straightforward from Eq. (17) are
not of minor symmetry. Similarly to the symmetrization of the
effective stress in orthotropic damage models with a second-order
damage tensor (Voyiadjis and Park, 1997), two approaches, i.e. the
product-type symmetrization and the sum-type symmetrization,
can be used to solve this problem. In the former method, the posi-
tive and negative stress components r in Eq. (17) are rewritten as
r ¼M  r M ð19Þ
It then leads to the symmetrized projection operators PSJ proposed
by Simo and Ju (1987)
PSJ ¼MM ð20Þ
The projection operators PSJ were later used in Hansen and Schreyer
(1994, 1995); Ju (1989); Peng et al. (1997); Stevens and Liu (1992),
among many others.
Alternatively, the sum-type symmetrization leads to the follow-
ing positive and negative stress components r
r ¼ 1
2
M  rþ r M  ð21Þ
Accordingly, the symmetrized projection operators PCW suggested
in Carol and Willam (1996) are obtained as
PCW ¼
1
2
MI þ IM  ð22Þ
The projection operators PCW have same structures with the same
number of positive and negative principal stresses (Carol and
Willam, 1996).
Note that, if all the eigenvalues rðnÞ ðn ¼ 1;2;3Þ are of the same
sign, the second-order tensors M become the second-order iden-
tity tensor I. Therefore, the projection operators PSJ and P

CW both
satisfy the natural properties (9).
Remark 3.1. Obviously, the linear combination of the above
projection operators, i.e.
PLC ¼ k1PO þ k2PSJ þ k3PCW ð23Þ
with coefﬁcients k1; k2 and k3 satisfying the condition
k1 þ k2 þ k3 ¼ 1, will also be the projection operators of the stress
tensor r. hRemark 3.2. For a speciﬁc deﬁnition of projection operators P,
the fourth-order tensors P : P are also the projection operators
of the stress tensor r, i.e.
P : r ¼ r ) P : P  : r ¼ P : r ¼ r ð24Þ
Note that Eq. (24) does not necessarily imply the iterative invariant
property P : P ¼ P. For instance, it can be easily veriﬁed that the
projection operators PO and P

SJ both satisfy the iterative invariant
property, whereas the other ones PCW do not. h3.2. Uniﬁed projection operators
In this section it will be shown that the projection operators PSJ
and PCW are closely related to the classical ones P

O, though they
look completely different at the very ﬁrst glance.
Substitution of Eq. (18) yields the following alternative expres-
sions of the projection operators PSJPSJ ¼ PO  2
X3
n¼1
X3
m>n
HðrðnÞÞHðrðmÞÞPðnmÞ  PðnmÞ ð25Þ
for a second-order symmetric tensor PðnmÞ
PðnmÞ :¼ 1
2
pðnÞ  pðmÞ þ pðmÞ  pðnÞ  ð26Þ
Note that the second-order symmetric tensor PðnnÞ introduced in Eq.
(16) corresponds to the case m ¼ n.
Similarly, substituting Eqs. (18) and calling for the property
(A.1d) one arrives at
PCW ¼ PO  2
X3
n¼1
X3
m>n
1
2
HðrðnÞÞ þ HðrðmÞÞ PðnmÞ  PðnmÞ ð27Þ
Accordingly, the linearly combined projection operators PLC can be
rewritten as
PLC ¼ PO  2
X3
n¼1
X3
m>n
LðnmÞPðnmÞ  PðnmÞ ð28Þ
where the function LðnmÞ is expressed as
LðnmÞ ¼ k2HðrðnÞÞHðrðmÞÞ þ 12 k3 Hðr
ðnÞÞ þ HðrðmÞÞ  ð29Þ
for any arbitrary coefﬁcients k2 and k3.
As we can see, in a certain sense the classical expressions PO can
be regarded as the simplex of the projection operators. Motivated
by the relations (25)–(28), a uniﬁed deﬁnition of the projection
operators can be postulated as
r ¼ P : r with P ¼ PO þ R ð30Þ
where the fourth-order symmetric tensor R is deﬁned as
R ¼ 2
X3
n¼1
X3
m>n
RðnmÞPðnmÞ  PðnmÞ ð31Þ
with RðnmÞ being either an arbitrary parameter or a scalar function
in terms of the principal stresses rðnÞ and rðmÞ. Note that, owing to
the property (A.4), the fourth-order symmetric tensor R satisﬁes
the following relations
R : r ¼ 0) _R : rþ R : _r ¼ 0 ð32Þ
Obviously, all the projection operators PO, P

SJ, P

CW and P

LC summa-
rized in Section 3.1 are special cases of the uniﬁed projection oper-
ators introduced in Eqs. (30) and (31), with the coefﬁcient RðnmÞ
being
RðnmÞ ¼
0 iff P ¼ PO
HðrnÞHðrmÞ iff P ¼ PSJ
1
2 HðrnÞ þ HðrmÞ½  iff P ¼ PCW
LðnmÞ iff P ¼ PLC
8>><
>>>:
ð33ÞRemark 3.3. If the scalar function RðnmÞ satisﬁes the following
conditionsRðnmÞ ¼ 1 iff r
ðnÞ > 0 ð8n ¼ 1;2;3Þ
0 iff rðnÞ 6 0 ð8n ¼ 1;2;3Þ
(
ð34Þ
it can be veriﬁed that the uniﬁed projection operators P intro-
duced in Eqs. (30) and (31) fulﬁll the natural properties (9). h
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In the evaluation of the spurious energy dissipation (14) we ﬁrst
need to calculate _P : r. To this end, differentiating the projection
operators PO in Eqs. (15) one arrives at
_PO ¼ 
X3
n¼1
HðrðnÞÞ _PðnnÞ  PðnnÞ þ PðnnÞ  _PðnnÞ
h i
ð35Þ
where the rate of the second-order symmetric tensor PðnnÞ is given
by (Faria et al., 2000; Wu et al., 2006)
_PðnnÞ ¼ 2
X3
m–n
1
rðnÞ  rðmÞ P
ðnmÞ  PðnmÞ
" #
: _r ð36Þ
so long as rðmÞ – rðnÞ; see Remark 3.4 for the case rðmÞ ¼ rðnÞ.
It then follows from the properties (A.4) that
_PO : r ¼ 
X3
n¼1
HðrðnÞÞ _PðnnÞ  PðnnÞ
h i
: r ¼ R : _r ð37Þ
where the fourth-order symmetric tensor R is expressed as
R :¼ 2
X3
n¼1
X3
m>n
RðnmÞ P
ðnmÞ  PðnmÞ ð38Þ
with a scalar function RðnmÞ
RðnmÞ :¼
hrðnÞi  hrðmÞi
rðnÞ  rðmÞ ð39Þ
Note that the tensor R is a special case of the more general deﬁni-
tion R introduced in Eq. (31).
For the uniﬁed projection operators P introduced in Eqs. (30)
and (31), making use of the relations (32) and (37) one arrives at
_P : r ¼ _PO  _R
 
: r ¼  R  Rð Þ : _r ¼ DR : _r ð40Þ
where the fourth-order symmetric tensor DR is deﬁned as
DR :¼ R  R ¼ 2
X3
n¼1
X3
m>n
RðnmÞ RðnmÞ
 
PðnmÞ  PðnmÞ ð41Þ
Therefore, the spurious energy dissipation Psp in Eq. (14) is evalu-
ated as
Psp ¼ rþ : Cdþ  r : Cd  : DR : _r ð42Þ
where it follows from the relation (A.5) that
DR : _r ¼ 2
X3
n¼1
X3
m>n
SðnmÞ _pðnÞ  pðmÞ PðnmÞ ð43Þ
with the coefﬁcient SðnmÞ
SðnmÞ :¼ RðnmÞ RðnmÞ
 
rðnÞ  rðmÞ  ð44Þ
Note that, owing to the properties (A.1c) and (A.4), the relations
r : Cd : DR ¼ 0 hold for general isotropic evolution laws of the
intrinsic damage compliances Cd. Therefore, the spurious energy
dissipation Psp vanishes for an isotropic damage model. However,
this is not the case for a general anisotropic damage model and
the ﬁrst law of thermodynamics (3) in general cannot be guaran-
teed; see Remark 3.5 for the details.
Remark 3.4. Due to the fact that (Faria et al., 2000; Wu et al.,
2006)lim
rðmÞ!rðnÞ
hrðnÞi  hrðmÞi
rðnÞ  rðmÞ ¼
1 iff rðnÞ > 0
0 iff rðnÞ 6 0
(
ð45Þ
no singularity is present in R for the case rðmÞ ¼ rðnÞ. hRemark 3.5. To calculate the spurious energy dissipation (42), we
consider the case in which only tensile damage is activated, i.e.
Cd ¼ 0, such that the stress–strain relations (4) and (8) are
expressed as
 ¼ C : r with C ¼ C0 þ Pþ : Cdþ : Pþ ð46Þ
Accordingly, the spurious energy dissipation in Eq. (42) becomes
Psp ¼ rþ : Cdþ : DR : _r ð47Þ
Furthermore, the intrinsic damage compliance Cdþ is assumed of
the following form (Carol and Willam, 1996; Ortiz, 1985)
Cdþ ¼ DCþ v  v  v  vð Þ ð48Þ
where DCþ represents the directional damage compliance, for the (ﬁxed)
direction v in which the damage occurs. For simplicity, only the case of
one single positive stress rð1Þ > 0, i.e. rþ ¼ rð1ÞPð11Þ, is considered.
	 For the projection operators PO and PSJ, it follows that
Sð12Þ ¼Sð13Þ ¼ rð1Þ; Sð23Þ ¼ 0 ð49ÞAccordingly, calling for the relation (A.3) Eq. (43) can be simpliﬁed
asDR : _r ¼ rð1Þ pð1Þ  _pð1Þ þ _pð1Þ  pð1Þ  ð50Þ
Therefore, the spurious energy dissipation Psp in Eq. (47) is evalu-
ated asPsp ¼ 2DCþ rð1Þ 2 cos3 h sin h  _h ð51Þ
where h denotes the angle between vectors v and pð1Þ, i.e.
v  pð1Þ ¼ cos h and v  _pð1Þ ¼  _h sin h since the damage direction v
is ﬁxed. The above result is dual to that obtained from the strain-
based formulation (Carol and Willam, 1996).
	 Similarly, for the projection operators PCW it follows thatSð12Þ ¼ 1
2
rð1Þ þ rð2Þ ; Sð13Þ ¼ 1
2
rð1Þ þ rð3Þ ; Sð23Þ ¼ 0
ð52Þ
so that Eq. (43) is evaluated asDR : _r ¼ 1
2
pð1Þ  _pð1Þ   rþ rð1ÞI þ 1
2
rþ rð1ÞI   _pð1Þ  pð1Þ  
ð53Þwhere the property (A.1a) has been used. Therefore, the spurious
energy dissipation Psp in Eq. (47) is given byPsp ¼ DCþrð1Þ cos3 h v  r  _pð1Þ  rð1Þ sin h  _h
h i
ð54ÞIn summary, for the uniﬁed projection operators P introduced in
Eqs. (30) and (31) the spurious energy dissipation Psp in general
does not vanish for an anisotropic damage model. h3.4. Thermodynamically consistent projection operators
It follows from Eq. (42) that the fourth-order symmetric tensor
R in the uniﬁed projection operators (31) should be equal to R de-
ﬁned in Eqs. (38) and (39), in order to guarantee a vanishing spu-
rious energy dissipation for a general anisotropic damage model.
This leads to a new deﬁnition of the thermodynamically consistent
projection operators P
P ¼ PO  R ¼ PO  2
X3
n¼1
X3
m>n
RðnmÞ P
ðnmÞ  PðnmÞ ð55Þ
with the scalar function RðnmÞ given in Eq. (39).
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namically consistent projection operators P also fulﬁll the natural
conditions (9).
In accordance with Eq. (40) the new projection operators P
satisfy the following property
_P : r ¼ 0) Psp ¼ 0 ð56Þ
In other words, as the rate of the thermodynamically consistent
projection operators _P are orthogonal to the stress r, the energy
conservation can be guaranteed for any arbitrary loading cases.
To gain further insight to the thermodynamically consistent
projection operators P , we consider the rates of the positive/neg-
ative stress components _r in Eq. (13). Substitution of the uniﬁed
projection operators (30) yields
_r ¼ PO : _rþ _PO : r
  R : _rþ _R : r|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
¼0
0
@
1
A ¼ PO  R  : _r ¼ P : _r
ð57Þ
where the relations (32) and (37) have been considered.
Therefore, the thermodynamically consistent projection opera-
tors P introduced in Eq. (55) satisfy all the following properties
simultaneously
P : r ¼ r
P : _r ¼ _r
_P : r ¼ 0
8><
>: ð58Þ
as well as the complementary relation Pþ þ P ¼ I and the natural
properties (9).
Note that in Eqs. (57) we do not refer to the speciﬁc forms of the
projection operators P. Actually, providing that the positive/neg-
ative stress components r are unique, the thermodynamically
consistent projection operators P can be determined exclusively
as Eq. (55); see Appendix B for the derivation starting from the
existing projection operators PO, P

SJ and P

CW, respectively. This
fact is in sharp contrast to the existing inconsistent projection
operators.
4. Reformulation of the Ortiz model
With the aid of the unique projection operators P , it is then
possible to reformulate the elastic damage/degradation theory
for the modeling of damage induced anisotropy and MCR effects
simultaneously. In this section we will take the classical stress-
based model proposed by Ortiz (1985) as a prototype example.
4.1. Thermodynamically consistent stress–strain relations
With the Gibbs free energy potential (10), standard arguments
yield the stress–strain relation (4), where the active compliance
C is now given as (Wu and Li, 2007)
C ¼ C0 þ Pþ : Cdþ : Pþ þ P : Cd : P ð59Þ
Note that, the thermodynamically consistent projection operators
P satisfying all the properties (58) simultaneously are indispens-
able for the above stress–strain relations. Only in this case a vanish-
ing spurious energy dissipation
Psp ¼ rþ : Cdþ : _Pþ : rþ r : Cd : _P : r ¼ 0 ð60Þ
can be guaranteed automatically under any arbitrary proportional or
non-proportional loading path for general anisotropic damage evolu-
tion laws.
The rate form of the stress–strain relation (4) is then expressed
as_ ¼ C : _rþ _dis; _r ¼ E : _ _dis  ð61Þ
where E :¼ C1 represents the active stiffness of the material; _dis is
the dissipative strain rate given by
_dis :¼ _C : r ¼ Pþ : _Cdþ : rþ þ P : _Cd : r ð62Þ
Note that the properties _P : r ¼ 0 have been considered. For other
inconsistent projection operators, additional terms involving the
terms _P : r have to be added to the right hand side of Eq. (62),
not only leading to the lack of energy conservation in the theoretical
aspect but also to unnecessary complexities in the numerical algo-
rithm (Mahnken et al., 2000).
4.2. Damage evolution laws
Let us consider a rate-independent material behavior described
by the following damage criteria
F ¼ fðYÞ  q 6 0 ð63Þ
where q denote the stress-like internal variables characterizing the
damage behavior; fðÞ represent the loading functions in terms of
the damage forcesY in Eq. (12) (or equivalently, the stress compo-
nents r), with the gradients with respect to the stress r expressed
as
C :¼ @f

@r
¼ P : N : r with N ¼
@f
@Y
ð64Þ
The postulate of maximum damage dissipation (Simo and Ju, 1987)
yields the following associated evolution laws
_Cd ¼ _kN ð65Þ
More generally, the non-associated evolution laws can be postu-
lated as (Ortiz, 1985)
_Cd ¼ _kM ð66Þ
where the fourth-order symmetric tensorsM represent the evolu-
tion directions of the intrinsic damage compliances Cd; see Appen-
dix C for the details. The Lagrangian multipliers _k satisfy the
classical Kuhn–Tucker loading/unloading conditions
_k P 0; F 6 0; _kF ¼ 0 ð67Þ
with _k > 0 determined from the consistency conditions _F ¼ 0.
Accordingly, the dissipative strain rate _dis in Eq. (62) is ﬁnally
expressed as
_dis ¼ _kþKþ þ _kK ð68Þ
with the second-order tensors K
K ¼ P : M : r ð69Þ
As we can see, when associated damage evolution laws are as-
sumed, i.e. M ¼ N, the relations K ¼ C hold. In other words,
the associativity in the compliance space also implies the associa-
tivity in the dissipative strain space, but not vice verse (Carol
et al., 1994).
4.3. Rate constitutive relation and tangent moduli
Let A denote the set of active damage surfaces, i.e.
A ¼ a 2 þ;f gj _ka > 0
n o
¼ a 2 þ;f gjFa ¼ 0 and _Fa ¼ 0
n o
ð70Þ
It then follows that _ka > 0 for a 2A and _ka ¼ 0 otherwise. Accord-
ingly, the stress rate _r in Eq. (61) is rewritten as
Fig. 1. Plane stress load path accompanied with rotation of principal stress
directions.
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X
a2A
_kaKa
 !
ð71Þ
For the active damage surface a 2A, the consistency condition
_Fa ¼ 0 yields
_Fa ¼ Ca : E : _
X
b2A
_kbKb
 !
 Ha _ka ¼ 0 ð72Þ
such that
_ka ¼
X
b2A
Jab
 1
Cb : E : _ ð8a 2AÞ ð73Þ
where the positive-deﬁnite Jacobian matrix Jab is given by
Jab ¼ Ca : E : Kb þ Hadab ð74Þ
with the hardening/softening modulus Ha :¼ @qa=@ka.
Accordingly, the rate constitutive relation is given by
_r ¼ Etan : _ ð75Þ
for the continuum tangent moduli Etan
Etan ¼ E
X
a2A
X
b2A
Jab
 1
E : Ka  Cb  : E ð76Þ
Note that, the associativity in the dissipative strain space K ¼ C
implies the major symmetry of the continuum tangent moduli Etan.
As we can see, the reformulated Ortiz model is a natural exten-
sion of the elastic damage/degradation model with a single loading
surface (Carol et al., 1994) to the multisurface case. An extra
advantage is that the numerical algorithm for multisurface models
(Simo and Hughes, 1998; Wu and Xu, 2011) can be adopted with
minor modiﬁcations; the details will be presented elsewhere.
5. A simple example with respect to the spurious energy
dissipation
5.1. Problem setting
Let us consider the following closed-loop in the plane-stress
state accompanied with rotation of principal stress directions.
(I) a positive normal stress rð1Þ > 0 is applied in the direction of
the y-axis with all the other stress components remaining
zero;
(II) the stress state is rotated 90
 clockwise on the x–y plane so
that the normal stress in the direction of the x-axis becomes
rð1Þ > 0 and all other stress components maintaining zero;
(III) the stress rð1Þ > 0 alogn the x-axis is completely removed.
The above load path, dual to the strain-controlled one suggested in
Carol and Willam (1996), is depicted in Fig. 1. Obviously, it is
always characterized by a single positive principal stress with
the other principal stresses maintaining zero, i.e.
rð1Þ > 0;rð2Þ ¼ rð3Þ ¼ 0. In this case, both the stress–strain relation
(46) and the spurious energy dissipation (47) are applicable. The
intrinsic damage compliance Cdþ is still given by Eq. (48), with
the unit vector v assumed to be coincident with the x-axis for sim-
plicity, i.e. v ¼ 1;0f gT.
In what follows the Voigt notation will be used. For instance,
the elastic compliance C0 and the intrinsic damage compliance
Cdþ are expressed as
C0 ¼ 1
E0
1 m0 0
m0 1 0
0 0 2 1þ m0 
2
64
3
75; Cdþ ¼ DCþ 1 0 00 0 0
0 0 0
2
64
3
75 ð77Þwith Young’s modulus E0 and Poisson’s ratio m0, respectively.
5.2. Projection operators
For the plane stress load path considered in Section 5.1, the uni-
ﬁed projection operator Pþ in Eqs. (30) and (31) is simpliﬁed as
Pþ ¼ Pð11Þ Pð11Þ
h iT
þ 2Rð12ÞPð12Þ Pð12Þ
h iT
ð78Þ
where the coefﬁcient Rð12Þ associated with different projection
operators is evaluated as
Rð12Þ ¼
0 iff Pþ ¼ PþO orPþ ¼ PþSJ
1
2 iff P
þ ¼ PþCW
1 iff Pþ ¼ Pþ
8><
>: ð79Þ
Let h denote the angle between the vector v (i.e. x-axis) and the
direction pð1Þ of the positive principal stress rð1Þ, so that the eigen-
vectors pðnÞðn ¼ 1;2Þ are given by
pð1Þ ¼ c; sf gT; pð2Þ ¼ s; cf gT ð80Þ
for c :¼ cos h and s :¼ sin h, respectively. Accordingly, the second-or-
der symmetric tensors Pð11Þ and Pð12Þ are expressed as
Pð11Þ ¼ Voigt pð1Þ pð1Þ T	 
 ¼ c2; s2;2c  s T ð81aÞ
Pð12Þ ¼ Voigt 1
2
pð1Þ pð2Þ
 T þ pð2Þ pð1Þ T	 
  ¼ c  s; c  s; c2  s2 T
ð81bÞ
where the operator ‘VoigtðÞ’ transforms a second-order symmetric
tensor into its Voigt form.
Therefore, the projection operators PþO, P
þ
SJ, P
þ
CW and the new
thermodynamically consistent one Pþ are ﬁnally evaluated as
PþSJ ¼ PþO ¼ Pð11Þ Pð11Þ
h iT
¼
c4 c2  s2 2c3  s
c2  s2 s4 2c  s3
2c3  s 2c  s3 4c2  s2
2
64
3
75 ð82aÞ
PþCW ¼ PþO þ Pð12Þ Pð12Þ
h iT
¼
c2 0 c  s
0 s2 c  s
c  s c  s 1
2
64
3
75 ð82bÞ
Pþ ¼ PþO þ 2Pð12Þ Pð12Þ
h iT
¼
2 c2 c2 c2  s2 2c  s3
c2  s2 1þ c2 s2 2c3  s
2c  s3 2c3  s 2þ 4c2  s2
2
64
3
75
ð82cÞ
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The net energy dissipation during this closed-loop load path is
obtained by calculating the external complementary work sup-
plied during the three load sub-steps, i.e.
Psp ¼ DwI þ DwII þ DwIII ð83Þ
During the ﬁrst sub-step, the eigenvector pð1Þ coincides with the y-
axis and then h ¼ p=2. Substitution of c ¼ 0 and s ¼ 1 yields the
projection operators PþO, P
þ
SJ, P
þ
CW and P
þ

PþSJ ¼ PþO ¼
0 0 0
0 1 0
0 0 0
2
64
3
75; PþCW ¼
0 0 0
0 1 0
0 0 1
2
64
3
75; Pþ ¼
0 0 0
0 1 0
0 0 2
2
64
3
75
ð84Þ
For all the above projection operators, it follows that the active
compliance C ¼ C0. Therefore, the rate of external complementary
work during this ﬁrst step is determined as
dW I ¼ T dr ¼ rTCdr ¼ 1
E0
rdr ð85Þ
where the stress state r ¼ r 0;1;0f gT has been considered. Accord-
ingly, the external complementary work DwI is given by
DwI ¼
Z rð1Þ
0
1
E0
rdr ¼ 1
2E0
rð1Þ
 2 ð86Þ
This amount of complementary work corresponds to the area en-
closed by the triangle OAC in Fig. 2.
During the third sub-step, it follows from h ¼ 0 that
PþSJ ¼ PþO ¼
1 0 0
0 0 0
0 0 0
2
64
3
75; PþCW ¼
1 0 0
0 0 0
0 0 1
2
64
3
75; Pþ ¼
1 0 0
0 0 0
0 0 2
2
64
3
75
ð87Þ
For all the above projection operators, the active compliance C is
calculated as
C ¼ 1
E0
1þ E0DCþ m0 0
m0 1 0
0 0 2 1þ m0 
2
64
3
75 ð88ÞFig. 2. Stress–strain diagram and spurious energy dissipation.leading to the following rate of external complementary work
dW III ¼ T dr ¼ rTCdr ¼ 1
E0
þ DCþ
 
rdr ð89Þ
where the stress state r ¼ r 1;0;0f gT has been considered. Accord-
ingly, the external complementary work DwIII is evaluated as
DwIII ¼
Z 0
rð1Þ
1
E0
þ DCþ
 
rdr ¼ 1
2
1
E0
þ DCþ
 
rð1Þ
 2 ð90Þ
The absolution of this quantity corresponds to the area enclosed by
the triangle OBC in Fig. 2.
For the remaining second sub-step, the stress state r and its
rate dr are expressed as
r ¼ rð1Þ
c2
s2
c  s
2
64
3
75; dr ¼ rð1Þ 2c  s2c  s
c2  s2
2
64
3
75dh ð91Þ
With respect to the projection operator Pþ we have the following
three cases:
	 For the projection operators PþO and PþSJ, the rate of external
complementary work is calculated asdW II ¼ rT C0 þ PþO CdþPþO
 
dr ¼ 0 ð92Þ
so that the complementary external work W II ¼ 0. In other words,
for the active compliance C associated with the projection operators
PO and P

SJ a pure rotation of principal stress directions does not re-
quire any external complementary work, even if the strains are
changing during the rotation. As we will see, this is not physically
sound and spurious energy dissipation occurs.
	 For the projection operator PþCW, the rate of external comple-
mentary work is calculated asdW II ¼ rT C0 þ PþCW CdþPþCW
 
dr ¼ DCþ rð1Þ 2 cos3 h sin hdh
ð93ÞAccordingly, in the second sub-step the external complementary
work is evaluated asW II ¼ DCþ rð1Þ
 2 Z 0
p=2
cos3 h sin hdh ¼ 1
4
DCþ rð1Þ
 2 ð94Þ
This amount of complementary work corresponds to the area en-
closed by the triangle ODA in Fig. 2, with point D being the middle
point of segment AB. In contrast to the projection operators PþO and
PþSJ, for the active compliance C associated with the projection oper-
ator PþCW a pure rotation of principal stress directions now requires
some external complementary work. However, the amount of
external complementary work is not correct and spurious energy
dissipation is still present.
	 For the thermodynamically consistent projection operator Pþ ,
the rate of external complementary work is given bydW II ¼ rT C0 þ Pþ CdþPþ
 
dr ¼ 2DCþ rð1Þ 2 cos3 h sin hdh
ð95ÞTherefore, the external complementary work is evaluated asW II ¼ 2DCþ rð1Þ
 2 Z 0
p=2
cos3 h sin hdh ¼ 1
2
DCþ rð1Þ
 2 ð96Þ
This correct amount of complementary work corresponds to the
area enclosed by the triangle OAB in Fig. 2.
In summary, the spurious energy dissipationPsp during the closed-
loop load path is ﬁnally calculated as
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 12DCþ rð1Þ
 2 iff Pþ ¼ PþO ¼ PþSJ
 14DCþ rð1Þ
 2 iff Pþ ¼ PþCW
0 iff Pþ ¼ Pþ
8>><
>: ð97Þ
That is, only the thermodynamically consistent operator Pþ guaran-
tees a vanishing spurious energy dissipation and consequently the
energy conservation as we expect.6. Conclusions
Based on the arguments presented in this work, the following
conclusions are drawn:
	 The existing projection operators in the literature are not inde-
pendent but are interrelated to the classical ones originated by
Ortiz (1985). Motivated by their interrelations, a uniﬁed deﬁni-
tion of the projection operators is proposed and the associated
spurious energy dissipation is calculated. The obtained results,
on one hand, re-conﬁrm the conclusion drawn in Carol and Wil-
lam (1996) that, none of the previous projection operators can
guarantee the principle of energy conservation when the MCR
effects are considered in a general anisotropic damage model.
	 On the other hand, a new deﬁnition of the thermodynamically
consistent projection operators P is suggested. The new pro-
jection operators P extract not only the positive/negative
stress components r but also the rates of the stress compo-
nents _r. Equivalently, the rates of the new thermodynamically
consistent projection operators _P are orthogonal to the stress
tensor r. This property automatically guarantees the energy
conservation under any arbitrary proportional or non-propor-
tional load path when both the damage induced anisotropy
and the MCR effects are considered. Furthermore, in contrast
to the inconsistent projection operators, the thermodynamically
consistent projection operators are unique and exclusively
determined as Eq. (55).
	 With the aid of the thermodynamically consistent projection
operators, the existing elastic damage/degradation models can
be reformulated so that the energy conservation is restored only
with minor modiﬁcations. Therefore, its potential use in the
modeling of damage induced anisotropy and MCR effects simul-
taneously is promising. As an example, the original Ortiz model
is reformulated and a stress-based elastic damage/degradation
model with multiple loading surfaces is developed analogously
to the classical multisurface plasticity model. The application to
a simple closed-loop load path accompanied with rotation of
principal stress directions conﬁrms that the reformulated
model is free of spurious energy dissipation.
Finally, it is worth noting that a combined plastic-damage model is
in general indispensable in the modeling of concrete like quasi-
brittle materials. Furthermore, a robust implicit numerical algo-
rithm and the algorithmic consistent tangent moduli are also pre-
ferred to in the numerical implementation (Simo and Hughes,
1998). The extension of this work to these topics will be presented
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author (J.Y. Wu) is gratefully acknowledged.Appendix A. Useful properties related to the spectral
decomposition
The following properties related to the spectral decomposition
are useful (Brannon, 2002)
pðnÞ  r ¼ pðnÞrðnÞ ðA:1aÞ
pðnÞ  r  pðnÞ ¼ rðnÞ ðA:1bÞ
pðnÞ  pðmÞ ¼ dnm ðA:1cÞX3
n¼1
pðnÞ  pðnÞ ¼ I ðA:1dÞ
for the Kronecker-delta dnm.
The time differentiation of the property (A.1c) yields the follow-
ing relation
_pðnÞ  pðmÞ þ pðnÞ  _pðmÞ ¼ 0 ðA:2Þ
Especially, when m ¼ n it follows that _pðnÞ  pðnÞ ¼ 0. Calling for the
identity (A.1d) one arrives at the following identity
_pðnÞ ¼ _pðnÞ 
X3
m¼1
pðmÞ  pðmÞ ¼
X3
m–n
_pðnÞ  pðmÞ pðmÞ ðA:3Þ
Moreover, it follows from the symmetry of the stress tensor r that
PðnmÞ : r ¼ P
ðnnÞ : r ¼ pðnÞ  r  pðnÞ ¼ rðnÞ iff n ¼ m
1
2 p
ðnÞ  r  pðmÞ þ pðmÞ  r  pðnÞ  ¼ 0 iff n –m
(
ðA:4Þ
where the properties (A.1a) and (A.1c) have been considered. Simi-
larly, calling for Eqs. (A.1a), (A.1c) and (A.4) one arrives at
PðnmÞ : _r ¼  _PðnmÞ : r ¼ rðnÞ  rðmÞ  _pðnÞ  pðmÞ  ðm – nÞ ðA:5Þ
where the properties (A.1a) and (A.2) have been used.
Appendix B. Derivation of the thermodynamical consistent
projection operators
In this appendix the thermodynamically consistent projection
operators P satisfying the relation (57) are derived based on the
existing deﬁnitions presented in Section 3.1. Due to the comple-
mentary condition Pþ þ P ¼ I only the positive projection opera-
tor Pþ will be discussed.
We ﬁrst consider the projection operator PþO. In accordance with
Eq. (7a), the rate of the positive stress component _rþ is given by
_rþ ¼
X3
n¼1
HðrðnÞÞPðnnÞ _rðnÞ þ
X3
n¼1
hrðnÞi _PðnnÞ ðB:1Þ
with the rate of the principal stress _rðnÞ determined from Eqs.
(A.1b),
_rðnÞ ¼ PðnnÞ : _rþ 2pðnÞ  r  _pðnÞ ¼ PðnnÞ : _r ðB:2Þ
where the properties (A.1a) and (A.2) have been considered. Substi-
tution of Eq. (36) yields the stress rate _rþ
_rþ ¼ PþO þ R
 
: _r ¼ Pþ : _r ðB:3Þ
with the fourth-order symmetric tensor R given in Eq. (38).
Next, we consider the projection operator PþSJ. The differentia-
tion of Eq. (19) is expressed as
_rþ ¼ Mþ  _r Mþ þ rþ  _Mþ þ _Mþ  rþ
	 

ðB:4Þ
where the relation (17) has been considered. It follows from Eqs.
(18) and (36) that
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X3
n¼1
X3
m>n
HðrðnÞÞ  HðrðmÞÞ
rðnÞ  rðmÞ P
ðnmÞ  PðnmÞ
" #
: _r ðB:5Þ
Substituting the above relation and calling for the result
rþ  PðnmÞ þ PðnmÞ  rþ ¼ hrðnÞi þ hrðmÞi PðnmÞ ðB:6Þ
one arrives at the following stress rate _rþ
_rþ ¼ PþSJ þ TSJ
	 

: _r ðB:7Þ
where the fourth-order symmetric tensor TSJ is expressed as
TSJ ¼ 2
X3
n¼1
X3
m>n
T
ðnmÞ
SJ P
ðnmÞ  PðnmÞ ðB:8aÞ
T
ðnmÞ
SJ ¼
HðrðnÞÞ  HðrðmÞÞ
rðnÞ  rðmÞ hr
ðnÞi þ hrðmÞi  ðB:8bÞ
Similarly, the differentiation of Eq. (21) is expressed as
_rþ ¼ 1
2
Mþ  _rþ _r Mþ þ 1
2
_Mþ  rþ r  _Mþ
	 

ðB:9Þ
Substituting the relation (B.5) and making use of the result
r  PðnmÞ þ PðnmÞ  r ¼ rðnÞ þ rðmÞ PðnmÞ ðB:10Þ
one arrives at the following stress rate _rþ
_rþ ¼ PþCW þ TCW
 
: _r ðB:11Þ
where the fourth-order symmetric tensor TCW is given by
TCW ¼
X3
n¼1
X3
m>n
T
ðnmÞ
CW P
ðnmÞ  PðnmÞ ðB:12aÞ
T
ðnmÞ
CW ¼
HðrðnÞÞ  HðrðmÞÞ
rðnÞ  rðmÞ r
ðnÞ þ rðmÞ  ðB:12bÞ
Therefore, it follows from the relations (25) and (27) that
PþSJ þ TSJ ¼ PþCW þ TCW ¼ PþO þ R ¼ Pþ ðB:13Þ
In other words, for different projection operators P of the stress
tensor r, i.e. PO, P

SJ and P

CW, the thermodynamically consistent
projection operators P satisfying the relation _r
 ¼ P : _r is exclu-
sively expressed as Eq. (55).
Appendix C. Evolution laws of the intrinsic damage compliances
In this appendix, possible isotropic, orthotropic and fully aniso-
tropic evolution laws of the intrinsic damage compliances are
presented.
	 Isotropic damage: For an isotropic damage model, the inverse
integrity scalars / which represent the ratios of the initial
undamaged areas to the effective resisting areas under purely
positive and negative stresses r, respectively, can be intro-
duced as the damage variables. Accordingly, the corresponding
effective stresses r becomer ¼ /r ðC:1Þ
Calling for the principle of strain equivalence (Lemaitre, 1971) and
assuming an linear elastic relation in the effective stress space, one
obtains the strains  under purely positive and negative stresses
r ¼ C0 : r ¼ /C0 : r ¼ C0 þ Cd  : r ðC:2Þ
Therefore, the intrinsic damage compliances Cd and the corre-
sponding evolution laws are given byCd ¼ /  1 C0; _Cd ¼ _/C0 ¼ _kM ðC:3ÞIn other words, the Lagrangian multipliers _k P 0 and the evolution
directions of the intrinsic damage compliances M are determined
as_k ¼ _/; M ¼ C0 ¼ 1
E0
1þ m0 II  m0I  I  ðC:4Þ
The above isotropic evolution laws of the intrinsic damage compli-
ances Cd are identical with the ones adopted in Mazars and
Pijaudier-Cabot (1989). The difference is that in the last reference,
a bimodulus formulation with non-symmetric compliance tensor
was used (Carol and Willam, 1996).
	 Orthotropic damage: In the modeling of orthotropic damage,
the second-order inverse integrity tensors / under purely
positive and negative stresses r are adopted as the damage
variables. Accordingly, the product-type symmetrized effective
stress tensors r are expressed as (Carol et al., 2001; Voyiadjis
and Park, 1997)r ¼ / 1=2  r  / 1=2 ¼ B : r ðC:5Þ
with the damage effect tensors BB ¼ / 1=2 / 1=2 ðC:6Þ
The hypothesis of strain energy equivalence (Cordebois and Sidor-
off, 1979; Cordebois and Sidoroff, 1982) and the assumption of an
linear elastic relation in the effective stress space give arise to the
following strains  under purely positive and negative stresses r ¼ B :  ¼ C0 þ Cd  : r ðC:7Þ
where the intrinsic damage compliances Cd are expressed asCd ¼ B : C0 : B  C0
¼ 1
E0
1þ m0  //  m0 /  /   C0 ðC:8Þ
The evolution laws of the inverse integrity tensors / are assumed
of the forms_/ ¼ _k! ðC:9Þ
so that the evolution directions of the intrinsic damage compliances
M are given byM ¼ 1þ m
0
E0
!/ þ /!  m0
E0
!  / þ /  ! 
ðC:10ÞNote that, if the MCR effects are in absence or not considered, the
above orthotropic damage evolution laws reduce to the one pro-
posed in Carol et al. (2001). Similarly to the last reference, the so-
called pseudo-logarithmic damage tensor rates can be introduced
to derive the explicit expressions of the second-order tensor !;
the details are omitted in this work.
	 Anisotropic damage: it is not easy to postulate fully anisotropic
evolution laws of the intrinsic damage compliances Cd. Moti-
vated by the isotropic and orthotropic ones in Eqs. (C.4) and
(C.10), the anisotropic evolution directionsM can be assumed
of the following formsM ¼ 1
E0
1þ m0  1r1r  m0 1r  1r   ðC:11Þ
with the normalized stresses 1r :¼ r=krk. Note that the evolu-
tion laws adopted in Ortiz (1985) and Losi (1995) correspond to
the cases m0 ¼ 1 and m0 ¼ 0, respectively. Moreover, only for
hydrostatic stress states, i.e. 1r ¼ I, it follows that M ¼ C0 and
the isotropic evolution laws (C.4) are then recovered.
J.-Y. Wu, S.-L. Xu / International Journal of Solids and Structures 50 (2013) 795–805 805References
Abu Al-Rub, R.K., Kim, S.M., 2010. Computational applications of a coupled
plasticity-damage constitutive model for simulating plain concrete fracture.
Eng. Fract. Mech. 77 (10), 1577–1603.
Brannon, R.M., 2002. Elementary and intermediate vector and tensor analysis.
University of New Mexico, Albuquerque.
Carol, I., Willam, K., 1996. Spurious energies dissipation/generation in stiffness
recovery models for elastic degradation and damage. Int. J. Solids Struct. 33 (20-
22), 2939–2957.
Carol, I., Rizzi, E., Willam, K., 1994. A uniﬁed theory of elastic degradation and
dmage based on a loading surface. Int. J. Solids Struct. 31 (20), 2835–2865.
Carol, I., Rizzi, E., Willam, K., 2001. On the formulation of anisotropic elastic
degradation. I: Theory based on a pseudo-logarithmic damage tensor rate; II:
Generalized pseudo-Rankine model for tensile damage. Int. J. Solids Struct. 38
(4), 491–546.
Chaboche, J.L., 1992. Damage induced anisotropy: on the difﬁculties associated with
the active/passive unlateral condition. Int. J. Damage Mech. 1 (2), 148–171.
Coleman, B.D., Gurtin, M.E., 1967. Thermodynamics with internal state variables. J.
Chem. Phys. 47, 597–613.
Cordebois, J.P., Sidoroff, F., 1979. Damage-induced elastic anisotropy. In: Jean-Paul
Boehler (Ed.), Mechanics of behavior of anisotropic solids/no. 295
Comportement Méchanique Des Solides Anisotropes, Martinus Nijhoff
Publisher, pp. 19–22.
Cordebois, J.P., Sidoroff, F., 1982. Endommagement anisotrope en élasticité et
plasticité. J. de Mécanique Théorique et, Appliquée, Numéro Spécial, 45–60.
Ehk, M. et al., 2003. Anisotropic damage with the MCR effect coupled to plasticity.
Int. J. Eng. Sci. 41, 1535–1551.
Faria, R., Oliver, J., Cervera, M., 1998. A strain-based plastic viscous-damage model
for massive concrete structures. Int. J. Solids Struct. 35, 1533–1558.
Faria, R., Oliver, J., Cervera, M., 2000. On isotropic scalar damage models for the
numerical analysis of concrete structures. Monograph No. 198, CIMNE,
Barcelona, Spain.
Govindjee, S., Kay, G.J., Simo, J.C., 1995. Anisotropic modeling and numerical
simulation of brittle damage in concrete. Int. J. Numer. Methods Eng. 38 (21),
3611–3634.
Hansen, N.R., Schreyer, H.L., 1994. A thermodynamically consistent framework for
theories of elastoplasticity coupled with damage. Int. J. Solids Struct. 31 (3),
359–389.
Hansen, N.R., Schreyer, H.L., 1995. Damage deactivation. J. Appl. Mech. ASME 62,
450–458.
Hansen, E., Willam, K., Carol, I., 2001. A two-surface anisotropic damage/plasticity
model for plain concrete. In: R. de Borst (Ed.), 4th International Conference on
Fracture Mechanics of Concrete and Concrete Structures, Paris, May 28-31.
Hueckel, T., Maier, G., 1977. Incrementally boundary value problems in the presense
of coupling of elastic and plastic deformations: a rock mechanics orented
theory. Int. J. Solids Struct., 13: 1–15.
Ju, J.W., 1989. On energy-based coupled elastoplastic damage theories: constitutive
modeling and computational aspects. Int. J. Solids Struct. 25 (7), 803–833.
Kachanov, L.M., 1958. Time rupture process under creep conditions. Izv. A Rad.
Nauk. SSSR otd Tekh. Nauk 8, 26–31 (in Russian).
Koiter, W.T., 1960. General Theorems for Elastic–Plastic Solids. In: Sneddon, I.N.,
Hill, R. (Eds.), . Progress in Solid Mechanics, 6. North-Holland Publishing
Company, Amsterdam.Krajcinovic, D., 1998. Selection of damage parameter – art or science? Mech. Mater.
28, 165–179.
Krajcinovic, D., 2003. Damage Mechanics. Elsevier B.V., Netherlands.
Lemaitre, J., 1971. Evaluation of dissipation and damage in metals. In: Proceedings
I.C.M, vol. 1, Kyoto, Japan.
Losi, G., 1995. Ladder models for the constitutive behavior of heterogeneous
materials with damage. Int. J. Solids Struct. 32 (6/7), 795–816.
Lubarda, V.A., Krajcinovic, D., Mastilovic, S., 1994. Damage model for brittle elastic
solids with unequal tensile and compressive strengths. Eng. Fract. Mech. 49,
681–697.
Mahnken, D., Tikhomirov, D., Stein, E., 2000. Implicit integration scheme and its
consistent linearization for an elastoplastic-damage model with application to
concrete. Comput. Struct. 75, 135–143.
Mazars, J., 1986. A model of unilateral elastic damageable material and its
application to concrete. In: Energy Toughness and Fracture Energy of
Concrete Fracture 81, D. Francois (Ed.), vol. 4, pp. 1499–1507.
Mazars, J., Pijaudier-Cabot, G., 1989. Continuum damage theory-application to
concrete. J. Eng. Mech. ASCE 115, 345–365.
Mazars, J., Berthaud, Y., Ramtani, S., 1990. The unilateral behaviour of damaged
concrete. Eng. Fract. Mech. 35, 629–635.
Meschke, G., Lackner, R., Mang, H.A., 1998. An anisotropic elastoplastic-damage
model for plain concrete. Int. J. Numer. Methods Eng. 42, 703–727.
Ortiz, M., 1985. A constitutive theory for inelastic behaviour of concrete. Mech.
Mater. 4, 67–93.
Peng, X., Meyer, C., Fang, L., 1997. Thermomechanically consistent continuum
damage model for concrete materials. J. Eng. Mech. ASCE 123 (1), 60–69.
Reinhardt, H., Cornelissen, H., 1984. Postpeak cyclic behaviour of concrete in
uniaxial tensile and alternating tensile and compressive loading. Cem. Concr.
Res. 14, 263–270.
Schreyer, H.L., 1995. Continuum damage based on elastic projection operators. Int. J.
Damage Mech. 4, 171–185.
Simo, J.C., Hughes, T.J.R., 1998. Computational Inelasticity. Springer-Verlag, New
York.
Simo, C., Ju, J.W., 1987. Stress and strain based continuum damage models: Part I
and II. Int. J. Solids Struct. 23, 375–400.
Simó, J.C., Kennedy, J.G., Govindjee, S., 1988. Non-smooth multisurface plasticity
and viscoplasticity: loading/unloading conditions and numerical algorithms.
Comput. Methods Appl. Mech. Eng. 26, 2161–2185.
Stevens, D.J., Liu, D., 1992. Strain-based constitutive model with mixed evolution
rules for concrete. J. Eng. Mech. ASCE 118, 1184–1200.
Umit, C., Voyiadjis, G.Z., Abu Al-Rub, R.K., 2007. A plasticity and anisotropic damage
model for plain concrete. Int. J. Plast. 23, 1847–1900.
Voyiadjis, G.Z., Park, T., 1997. Anisotropic damage-effect tensors for the
symmetrization of the effective stress tensor. J. Appl. Mech. 37, 803–830.
Wu, J.Y., Li, J., 2007. Stress-based elastic anisotropic unilateral degradation model
for concrete. In: A. Carpinteri et al. (Eds.), 6th International Conference on
Fracture Mechanics of Concrete and Concrete Structures, Catania, Italy.
Wu, J.Y., Xu, S.L., 2011. An augmented multicrack elastoplastic damage model for
tensile cracking. Int. J. Solids Struct. 48 (18), 2511–2528.
Wu, J.Y., Li, J., Faria, R., 2006. An energy release rate-based plastic-damage model for
concrete. Int. J. Solids Struct. 43 (3–4), 583–612.
Yazdani, S., Schreyer, H.L., 1990. Combined plasticity and damage mechanics model
for plain concrete. J. Eng. Mech. ASCE 116, 1435–1450.
